The problem of approximating a real-valued, locally analytic function, f(x), by an algebraic function, Q( x) is considered. Existence and uniqueness theorems are obtained under fairly general conditions, including those of "non-normality".
§1. Introduction. The problem of approximating a real-valued function by an algebraic function has been receiving increased attention recently, particularly in the field of computational geometry. There are two separate aspects of this problem that merit attention. Firstly, the properties of such an approximation, including existence, uniqueness and convergence of the approximation should be investigated. Secondly, the difficulties with the computation of such approximations need t'o be considered.
It is the objective of this paper to consider the first aspect; specifically the existence and uniqueness of approximations by a general algebraic function, where the approximations are determined by sufficient derivative information about the given function at the origin. Such a generalization of the Taylor polynomial approximation and Pade rational approximation was considered by Pade [7] , but he gave little attention to the questions of existence. However the approximations determined in this way are now generally known in the literature as algebraic Hermite-Pade approximations [2, 6, 8) . The recent paper by Baker and Lubinsky [2) considered the question of existence, uniqueness and convergence for a normal function. However, the approach taken in this paper is quite different and more general. It includes the case of the non-normal function.
In this paper a careful distinction is made between the approximation of the algebraic form which determines the polynomial coefficients of the implicit equation for the algebraic function, and the approximating properties of the algebraic function itself. Some of the difficulties in Pade approximation may be due to the fact that this clear distinction was not made as these concepts tend to overlap in this case ( eg. (9) ).
The distinction between these two concepts leads to the separation of degenerate cases arising from different sources, and consequently a clear treatment of the effects of each type. This has led to the definition of the "surplus" in the case of the algebraic form, and the definition of the "deficiency" in the case of the approximation of the algebraic function.
The result of this distinction is the reversion from the Baker definition of the Pade rational approximation to the classical Pade-Frobenius definition (see (1, p. 20) ). The advantage of the change is that it provides a more general concept of the approximation and, more importantly, carries over to the more general algebraic approximation. Hence under this formulation, Pade approximants, and more general algebraic approximants always exist and may be always uniquely defined. The significant concepts introduced in this paper are the importance of the algebraic form and the notation introduced for this, and the introduction of the concepts of the "surplus" and the "deficiency". In Section 2 the problem of the approximation. of the algebraic form which determines the coefficient polynomials is considered. The concept of the "surplus" in the approximation of the algebraic form is introduced. In Section 3 the approximating properties of the algebraic function are investigated. The concept of the "deficiency" in the approximation is introduced, and the order of the approximation by the algebraic function is quantified. Section 4 contains a series of illustative examples to demonstrate the results of the previous sections in particular cases. §2. The Algebraic Form.
Consider the problem of approximating a real-valued, locally analytic function f ( x ), by an algebraic function, Q(x). We may suppose the f(x) is analytic in the neighborhood of the origin. 
If p = 2, the problem reduces to quadratic Hermite-Pade approximation [4] and if p = 1, it reduces to ordinary Pade approximation. If p = 1 and n1 = 0 the problem reduces to the familiar Taylor polynomial approximation.
The question of the existence of such a form is easily disposed of.
THEOREM 2 (EXISTENCE).
There always exists an n algebraic form of degree p for a given formal power series f(x).
PROOF:
The algebraic form is defined by the coefficient polynomials a;( x ). The existence of the a;( x) follows since these polynomials contain N + 1 coefficients, while (1) where the g i in this su bmatrix are defined by f (
3=0
The matrix F has dimensions N x ( N + 1) and hence has a solution space of dimension at least 1. If the solution space dimension is exactly 1 then any constant multiple of the coefficient polynomials { ai ( x) }f = 0 will also be a solution. These solutions may be called [2] [5] .
Paszkowski [8] , we define the order of the algebraic form to be
Clearly if R = oo, then P(f, x) = 0 defines an algebraic function and so the general objective is to obtain an R as large as possible.
If the dimension of the solution space is k > 1, then the choice of a unique representative form for the space is less clear. In this case the solution space is multidimensional and the order of the algebraic form P(f, x) is to be interpreted as the minimum of the orders of the multiple solutions to equation (1) . If P(f, x) has order R, and aCi) = (a~i),. · ·,a1i\x)), i = 1,2, are two linearly independent solutions to (1), 
If the matrix of this system of linear equations has rank k -1, then there exists an essentially unique solution. However, if this matrix has rank < k -1, then we must iterate this process since there are still linearly independent solutions. Since the rank reduces by at least one at each step, the iterations are finite, noting of course, that if we obtain a zero matrix then R = oo and the exact algebraic form, and hence the exact algebraic function, has been obtained.
I
It was noted in [5] that, in the case
is also even. An examination of the matrix F in this case reveals that if the n k are all even then the matrix has rank of at most N -1, and hence the solution space has dimension of at least 2. Some specific examples are given in [5] .
Also if p = 4, then an examination of the matrix F for an even function in this case reveals that if the nk are all even then the matrix has rank of at most N -2. Thus three linearly independent solutions may be obtained in this case. These may be represented by an essentially unique solution of order at least R + 2. §2.1 Degeneracies in the Algebraic Form.
In the algebraic form P(f, x) defined by equation (1), it is possible that some of the coefficient polynomials are not of full degree, i.e. deg( ai( x)) < ni for some i. This deficiency is of no particular consequence and may be compared to the fact that the Taylor polynomial approximation of degree one, p1 ( x), to the function f (
there is a zero coefficient of the term in x.
Of greater importance is the fact that the particular set of coefficient polynomials which solve (1) may in fact eliminate more of the coefficients of r(x) than just the first N. A trivial example in the polynomial case is that of the zero degree Taylor polynomial approximation to J(x) = 1 + x 2 • In this case N = 1, but the form
Although the term "degeneracy" was used in this connection in [5] , the term "surplus" seems more appropriate in that more matching than expected of the coefficients of r( x) has occurred. DEFINITION 
4.

The surplus, S( n) of the n algebraic form P* (!, x) is defined by
,..., ,...,
,...,
Trefethen [9] introduced a similar concept for the Pade approximations rather than the Pade forms, when studying a related problem. However the approximation problem will be dealt with in the next section.
It is clear that in general we would like the surplus, S, to be as large as possible, since if S = oo then the form represents an algebraic function exactly.
In [5] , the surplus (in the present notation) was used to define an S-table of algebraic forms (D-table in the notation of [5] ) which was shown, in the case of p = 1, to give the block structure of the Pade table in a somewhat easier fashion than the more traditional C-table [1] . In the case of algebraic forms of degree p, the S- analogous way. However an initial investigation of the case p = 2 in [5] shows that some complexity can arise from the overlapping of the basic block structure.
The results on the block structure of the S-table may be summarized in the following theorem which extends a theorem (for p = 2) in [5] .
If then algebraic form of degree p, P~(f, x), has a surplus S(n) = S > 0, then 
If there is another structure of this type which overlaps this one, then for some of these values of m there will be additional linearly independent solutions. Theorem 3 N will need to be applied to find P!(f, x ), which will come from the set of additional N solutions since these have greater order. However, if there is no overlapping structure, then for those m such that ik = 0 for at least one value of k, Pm(!, x) has maximal ,..., N order. This follows since the polynomial coefficient corresponding to this value of k has full degree and hence no additional factors of x may be multiplied through in equation (1) to raise the nominal order. Thus, if there is no overlapping structure and mis such "' that ik = 0 for at least one value of k then Pm(f, x) = P!(f, x ). Further details on the N block stucture will be the subject of a future report.
A simple example of this type of structure is taken from [5] . 
This is also the algebraic form of types (3, 2, 2) , (2, 3, 2), (2, 2, 3) with S = 1; the algebraic form of types (3, 3, 2) , (3, 2, 3), (2, 3, 3) with S = 0, and the (3, 3, 3) 
xN+s).
PROOF:
Let N + S = R. Since we have
Hence equation (3) with i = 1 implies
In general,
for i = 2(1)R -1. The induction step implies that since
then Fi = Gi, and hence, since f is normal, equation ( 4) 
implies that Q(i)(o) = J(i)(o).
It follows that
and hence
Q(x) = f(x) + O(xR).
I
Hence, in the case f ( x) is a normal function, a unique branch of the n algebraic However as has been observed in [4] , the case in which f is not normal is not uncommon. A simple example of when 8P*(f,x)/8flx=O = 0 occurs when the algebraic form P*(f, x) has a factor of xr, r > 0, as was obtained in Theorem 5. But less obvious examples such as for f ( x) = log( 1 + x), are also not uncommon as noted in [ 4] .
This situation leads to an approximation whose order is less than that expected in the normal case.
As noted in (1], Pade defined a deficiency index to measure the shortcoming of the rational approximation. Since this concept will be shown to be a generalization of the Pade idea, the same terminology is appropriate. order of the approximation falls short of the expected order. A number of cases need to be dealt with in turn. Firstly we consider the case where the algebraic form has a factor of xr, r > 0.
LEMMA 11. The two branches that coincide at the origin may be distinct branches ( only coinciding at the origin), or they may coincide everywhere. If the two roots are in fact distinct branches, let the order of contact of these two roots at the origin be t -1 < oo, and hence 8 P* ( Q, x) / 8Q = 0( x t). In this case, in order to distinguish between these two branches it is necessary to impose an additional condition on Q(t)(O). This follows immediately from the Definition 10 since P*(J, x) has polynomial coefficients with no common factor of x. I THEOREM 14.
If P:(f, x) = xr P! (!, x) where P! (f, x) has polynomial coefficients with no common
If 8P*(f,x)/8f = O(xt), then since 8P*(f,x)/8flx=O = 8P*(Q,x)/8Qlx=o if Q(O) = f(O),
If S is the surplus and D is the deficiency of the n algebraic form of
then the associated n algebraic function of degree p, Q( x), denned by the equation 
Q(x) = f(x) + O(xN+S-D).
PROOF:
Let N + S = R. Following a similar argument to the proof of Theorem 9, we have (5)
From equations ( 5) (6) (7) and
dxD oQ
For each of these equations (9), the first term vanishes using (7), and the last two terms may be rewritten in the form
respectively. Hence from (9) Equation ( 
for k = 4(1)R -1.
As before the first term in each of the equations (11) vanishes by (7) . The induction
equations (11) imply
It follows that and hence
The general case follows in a similar fashion. For i = 2D + 1 in equation (6) [ 
PROOF:
Note that if we take i = 2D in equation (6) this equation is automatically satisfied by the initial conditions. Hence if 2D > R-1 then (6) is satisfied by the initial conditions. Hence 2D ~ R -1. The order of the approximation,
taking account of the fact that R may be odd or even. I
This result was also obtained for the case p = 2, S = 0 in [4] , which also has some illustrative examples of how the approximation is degraded in the non-normal case.
The final case to be considered is that in which the two branches of Q( x) coinciding at the origin in fact coincide everywhere. In this case the order of contact is infinite and
and we consider the order of approximation in this case.
LEMMA 16.
If then algebraic form of degree p, P*(J, x ), with R
then the deficiency D = D(n) = R/2 and 8P*(Q,x)/8Q = 0.
,.,,
PROOF:
The statement D = R/2 follows immediately from Definition 10, as in Lemma 13.
2 ), then two roots have order of contact R/2 -1 at the origin. As noted previously, since 8 2 P*(f,x)/8f2lx=O =/:-0, the initial conditions,
Hence, as noted in the proof of Corollary 15, equation ( 6) is automatically satisfied by these initial conditions. Thus P*( Q, x) = O(xR), which implies P*(Q, x) = 0 since R 2::: N and P*(Q, x) is completely determined ( up to a constant multiple) by these N conditions. Thus P* ( Q, x) = 0 has two roots which match up to O(xRl 2 ), which implies P*(Q,x) = O(xR), which implies P*(Q,x) = 0. That is, an additional condition to distinguish between these two roots would imply more conditions than are necessary to determine P*( Q, x ). Hence P*( Q, x) = 0 must have two identical roots and 8P*( Q, x )/ 8Q = 0.
I THEOREM 17.
If S is the surplus and D is the deficiency of the n algebraic form of degree p > 1, 
.
PROOF:
Let N + S = R. Using Lemma 16, 
Note that the last equation follows from the condition Q(O) = f(O).
Applying Theorem 9 to the normal function 8P*(f,x)/8f gives
This may be written as
since by Lemma 16 we have D = R/2.
A similar result was partially obtained for the case p = 2 in [4] . The preceding results may be summarised by the following theorem. N This theorem shows the fundamental process for the order of approximation of a nonnormal function, i.e. a function which has at least one of its algebraic forms non-normal. The details for more complex coincidences between the roots will be the subject of a further report. §4. Examples.
This section contains some illustrative examples of the results of the previous sections. The first two examples consider the rational case with p = 1.
This is the same example as Example 7 in Section 2. The (1, 1) algebraic form is
with no= n 1 = 1, N = 3 and S = 0. We have
I
This example has also illustrated Lemma 11 and Theorem 12.
Hence S = 2 and 8P*(f,x)/8f = 1 = 0(1) ~ D = 0. (Thus this is a normal form) .
which follows from Theorem 9.
(ii) Theorem 5 implies the (3, 2) 
These examples explain the remark in [5] that 'an algebraic form of maximal order does not necessarily yield an approximation of the same order'. This observation has now been quantified by the results in Theorem 18, which shows that, in the case of two roots of P(f) coinciding at the origin, the approximating properties of the algebraic function will be degraded by an amount given by the order of the zero of the first derivative of Pas a fuction off at the origin. These results also hold for higher degree functions although the computations become more extensive. 
The final example illustrates the more complex situation arising from the result of Theorem 5, and also coincident roots. (iii) and (iv). I §5. Conclusion. This paper has considered the problem of approximating a real-valued, locally analytic function, f ( x), by an algebraic function Q( x). A careful distinction was made between the approximating properties of the algebraic form, by which the polynomial coefficients of the algebraic function are defined, and the approximating properties of the algebraic function itself. It was shown that by defining a "surplus" for the algebraic form and a "deficiency" for the algebraic function, a unique algebraic form could be defined, and a unique branch of the algebraic function with specified approximating properties could be obtained. These results have been demonstrated in particular cases by a series of illustrative examples.
